We study a dimerised spin chain with biaxial magnetic interacting ions in the presence of an externally induced three-site interactions out of equilibrium. In the general case, the three-site interactions play a role in renormalizing the effective uniform magnetic field. We find that the existence of zero-energy Majorana modes is intricately related to the sign of Pfaffian of the Bogoliubov-de Gennes Hamiltonian and the relevant Z2 topological invariant. In contrast, we show that an exotic spin liquid phase can emerge in the compass limit through a Berezinskii-Kosterlitz-Thouless (BKT) quantum phase transition. Such a BKT transition is characterized by a large dynamic exponent z = 4, and the spin-liquid phase is robust under a uniform magnetic field. We find the relative entropy and the quantum discord can signal the BKT transitions. We also uncover a few differences in deriving the correlation functions for the systems with broken reflection symmetry.
I. INTRODUCTION
Several intriguing phenomena in condensed matter systems originate from the interplay of strong electron correlations and frustration. Frustration occurs intrinsically in the systems with degenerate and partly occupied orbitals. A representative model which stands for the orbital-orbital interactions in Mott insulators is the so called two-dimensional (2D) compass model [1] where nearest neighbor interactions like ∝ σ α i σ α j (with α = x, z being spin component) compete with each other along two different spatial directions of the bonds. In such a frustrated quantum system, the spins cannot order simultaneously to minimize all local interactions, and the ground state is highly degenerate.
The dominating finite-range interactions in many-body systems can lead to the onset of self-ordered phases in spin systems. One-dimensional (1D) quantum models are natural playgrounds for hosting different orders and distinct universality, especially some exactly solvable models such as the 1D compass model [2] . Here again the competing interactions are between nearest neighbors. However, the range of the hybridization of the electron wave function will be more extended in reality than only to nearest neighbor sites in some realistic bonding geometries, such as CsCoCl 3 [3] , LiCu 2 O 2 [4, 5] , NaCu 2 O 2 [6] . The ramifications are that longer-range interactions should be taken into account. Complex interactions including the three-spin interactions between three consecutive sites essentially enrich the ground state phase diagram of the spin model. Recently three-site interactions received considerable attention in a bit diverse context. It was realized that the three-site spin interaction can be included to exhibit the double ferroic order and multiferroics [7] . Experimentally, systems described by spin-1/2 Hamiltonians with three-spin interactions can be generated using optical lattices or in NMR quantum simulators [8] [9] [10] .
So far, much attention has been focused on studies of spin-1/2 isotropic XY (or XX) model chains with two types of three-site interactions. One is the (XZX+YZY)-type of three-site interactions [11] [12] [13] [14] [15] [16] , where the exchange interaction for next nearest neighbor sites takes on XX form. The other form of three-site interactions is the (XZY−YZX) type [14] [15] [16] [17] . It has been proven that the XX chain with the (XZX+YZY)-type of threesite interactions can be transformed to the one with the (XZY−YZX)-type and Dzyaloshinskii-Moriya (DM) interaction by a local spin rotation [11, 16] .
On the other hand, a few works have been devoted to investigating the effects of three-site interactions for anisotropic XY chains, which can turn to Ising limit and XX limit by varying the anisotropy parameter. The three-site interactions include again either (XZX+YZY) [18] [19] [20] [21] [22] [23] [24] or (XZY−YZX) forms [24] [25] [26] [27] [28] . Differently from the situation on the XX chains, two kinds of three-site interactions on the XY chains are not unitary equivalent. The (XZX+YZY)-type interactions violate the time reversal (T) symmetry but preserve the parity (P) symmetry, while the (XZY−YZX)-type of three-site interactions break both symmetries simultaneously. Furthermore, a simplified version of three-site XZX interactions was also examined [29] [30] [31] [32] . One finds that transverse Ising model with XZX-type interactions is dual to the XY model through a nonlocal dual transformation [33] which hosts a number of Majorana zero modes of an open chain [30] .
The organization of the paper is as follows. In Sec. II we introduce the Hamiltonian of the 1D generalized compass model (GCM) with three-site interactions. Notation is introduced in Sec. II A and then we present the procedure to solve it exactly by employing Jordan-Wigner transformation. Ground state properties and excited states are derived in Sec. II B. Majorana modes and topological phase transition are addressed in Secs. II C and II D. The exact solution explains the nature of the quantum phase transition (QPT) as explained in Sec. III. The model in the magnetic field is analyzed in Sec. IV. In Sec. V we discuss the aspects related to quantum information and present the fidelity susceptibility in Sec. V A and coherence susceptibility in Sec. V B. A final discussion and conclusions are presented in Sec. VI. More technical aspects of the presented solution are given in Appendices A and B.
II. THE MODEL AND ITS SOLUTION

A. Generalized compass model in one dimension
The 1D GCM is a microscopic model to mimic zigzag spin chains in perovskite transition metal (TM) oxides. For instance, Co 2+ ions in CoNb 2 O 6 compound form zigzag chains along the c axis. At low temperatures, Co spins orient themselves along two different easy axes in the nearly (a, c) plane with a 31
• canting angle from the c axis. The Peierls-type spin-phonon coupling renders frustrated spin exchanges along distorted TM-O-TM bonds [34] .
The 1D GCM with alternating exchange interaction considered below is given by [35] [36] [37] [38] ,
where the operator with a tilde sign is defined as a linear combinations of {σ
Here, N ′ = N/2 is the number of two-site unit cells. J o (J e ) denotes the amplitude of the nearest-neighbor planar interaction on odd (even) bonds, while h o ( h e ) is the magnitude of the external field exerted on odd (even) sites. In addition, effective (XZX+YZY)-type three-site interactions are also taken into account,
where K characterizes the strength of uniform exchange interaction between three consecutive spins. Multi-site interactions emerge simultaneously with two-body interactions as higher-order corrections in Mott insulating phases, but they are generally believed to have a negligible effect [39] . However, the experimental capability, such as cold atom technology, allows us to control threespin interactions across a wide parameter range [40] . Remarkably, three-site interactions appear naturally as an energy current when a compass chain was in the nonequilibrium steady states [41, 42] , which can be formally calculated by taking a time derivative of the energy density and follows from the continuity equation [43, 44] . Then the complete Hamiltonian of the 1D GCM with the threesite (XZX+YZY) interactions is,
Exchange couplings are shown schematically in Fig. 1 . We shall mention that the combined model may be realized by quantum engineered artificial systems. For instance, coupling superconducting qubits to microwave circuitry provide a laboratory to simulate various spin models [45] and even multi-site interactions [46] . In particular, the cavity array can be driven and dissipative and thus be settled in a non-equilibrium steady state [32, 47] . As the simulated spin chain is driven out of equilibrium in the presence of an energy current, critical phase transitions between the pristine ground state and the current-carrying phase and the associated universality can be probed.
B. Quasiparticles at finite three-site interactions and vanishing magnetic field
The Jordan-Wigner transformation maps explicitly the pseudospin operators to spinless fermion operators [48] [49] [50] :
with φ j being the phase string generated by all earlier sites along the chain,
The BdG Hamiltonian satisfies an imposed symmetry, i.e., particle-hole symmetry (PHS), in the form τ x H T τ x = −H, where the Pauli matrix τ x acts in Nambu space. Hence the energy levels must come in ±Λ conjugate pairs except the zero energy mode which is selfconjugate. The topological point defects in the 1D model trap zero-energy bound states and induce at most one protected zero-energy mode localized at each end of an open chain. The existence of a zero-energy localized states can be interpreted as a signature of Majorana modes. Figure 2 shows the energy spectrum for the GCM with OBC for two characteristic angles θ. At θ = π/3 which is isomorphic with e g orbital model [53] there exist zero modes for |K| ≤ 1 shown in Fig. 2(a) . Extensive data reveals that such edge modes are protected by energy gaps away from critical points. The model for θ = π/2 can be modified continuously to a Kitaev model in the topological nontrivial phase without closing the band gap, so the model in such a phase was featured by the presence of zero-energy Majorana edge states under the OBC, namely, n M = 1. According to Eq. (6), topological phase transitions of the model are classified in terms of the number of isolated Majorana zero modes n M . These Majorana states are stable against quadratic perturbations which preserve the symmetries.
In contrast, there is no zero mode at θ =π/2 irrespective of K, see Fig. 2 (b). We note that at K = 0 there is a macroscopic number 2 N/2−1 of states condensed at zeroenergy modes [2, 55] but they are not edge modes. The three-site interactions remove the macroscopic degeneracy instantly and zero-energy states become dispersive. Interestingly, the tower of these low-energy excitations keep intact as K increases, and they are separated from higher energy states by a linear dispersion.
D. Pfaffian Z2 invariant for BdG Hamiltonian and topological phase transition
Next discrete Fourier transformation for plural spin sites is introduced for the periodic boundary conditions,
with the discrete momenta as
. (12) Then we write the Hamiltonian in the BdG form in terms of Nambu spinors,
and
The matrix elements in Eq. (14) are: The system belongs to topological class D with a topological invariant Z 2 in one dimension [56] , which satisfies
Here C = τ x ⊗ σ 0 K, where τ x and σ 0 are the Pauli matrices acting on particle-hole space and spin space, respectively, and K is the complex conjugate operator.
Following the basic definition of particle-hole C, an auxiliary function W (k) =M 4×4 (k) C is defined, and we have W (k) T = −W (−k). For particle-hole symmetric momenta k ∈ {0, ±π} in Brillouin zone, we have
, which are both skew matrices. The topology of the GCM can be characterized by the Pfaffian of the Hamiltonian at k = 0 and π, with ν = sgn{P f (W (0))P f (W (π))}. Here ν is a topological protected number, which means that ν will never change sign upon deformation as long as the energy gap at k = 0 and π is not closed. Then ν = −1 (+1) corresponds to the topological nontrivial (trivial) phase, respectively [57, 58] . The Pfaffian reads
It is easy to find that in the regions |K| ≤ √ J o J e cos θ, a topological nontrivial phase with ν = (−1)
nM is accompanied with a zero-energy Majorana mode in Fig. 2 .
III. QUANTUM PHASE TRANSITION
Along these lines, we obtain the diagonal form of the Hamiltonian Eq. (14),
The spectra consist of two branches of energies ε k,j > 0 (j= 1,2), given by the following expressions:
where
Note that τ k is always positive for any momentum k. We remark that the energy spectrum ε k,j (j = 1, 2) is thus always positive which is different from the compass spin chain with the (XZY−YZX)-type of three-site interaction [37] . The form of F k (15) leads to a crossing of excitations at k = ±π/2 for diverse values of K, see Fig. 3 .
The most important properties of the 1D spin system are manifested in the ground state. The ground-state energy density of our model can be written as
From Eq. (6), K promotes the hopping between next nearest neighbor sites and modifies the corresponding dispersions. The phase diagram of the GCM under threesite interactions can be analytically calculated by investigating the gap closing of the spectrum (19) . Accordingly, the spectral gap is determined by the first energy branch, i.e., ∆ = 2 min k {ε k,1 }. The gap closes at some critical momentum k c delimited by ς 2 kc = τ kc . One finds that this condition can be satisfied only when
When the magnitude |K| of three-site interactions (6) is below the critical field, Fig.  3(a) ], the ground state is a canted antiferromagnetic phase dominated by nearest neighbor correlation functions along the x axis [35] . On the contrary, the system becomes a spin-spiral phase for |K| > K c . Unlike Ising model with XZX-type interactions where the gap-closing momentum k c moves in the Brillouin zone along the critical lines [30] , in our case k c is suited at Brillouin zone center k c = 0 constrained by the P symmetry.
It is clear that the critical lines K = − √ J o J e cos θ and K = √ J o J e cos θ will get closer as θ approaches π/2. At θ = π/2, the 1D GCM Eq. (4) describes a competition between two pseudospin components, {σ can be eliminated by writing this model in the form of the GCM with rotated pseudospin components, where the rotation by angle θ = π/4 anticlockwise with respect to the z axis in the pseudospin space is made, i.e.,σ
and one finds
By performing a similar analytical process as Eq. (13), we can diagonalize the rotated Hamiltonian in the form ofH 
withT
It is evident that there is a zero-energy flat band for K = 0 which is susceptible to residual interactions. We note thatF k (27) is vanishing at commensurate momenta k = ±π/2. Therefore, the system turns to be gapless, as recognized in Fig. 3(b) . 
IV. GENERALIZED COMPASS MODEL IN A HOMOGENOUS MAGNETIC FIELD
Here we study the effect of a homogenous magnetic field. We consider the case where the magnetic field is oriented perpendicular to the easy plane of the spins, i.e., h o = h e =hẑ. h is the magnitude of the transverse external field, which contains the g-factor g and the Bohr magneton µ B .
The magnetic field does not spoil the zero-energy edge states at θ = π/3, as shown in Fig. 4(a) . The inclusion of homogenous magnetic fields replaces F k in Eq. (14) with
The gap as a function of K and h is shown in Fig. 5 . The critical lines are pinpointed at K − h = ±1 for J o = 1, J e = 4, θ = π/3, as depicted in Fig. 5 . It is easy to see that the critical lines found at h = ±1 in the absence of K are moved to K − h = ±1 when the additional (XZX+YZY)-type interaction emerges. In the phase diagram of Fig. 5 at least three phases can be specified: two z-axis polarized phases for positive (negative) h, and a canted Néel (CN) phase for moderate h. Such QPTs are of second order since the second derivative of the ground-state energy density e 0 exhibits divergence, as shown in Fig. 6 .
In the limit of large h, the system stays in a polarized state with σ [20] , the existence of an additional phase IV was suggested. However, such a phase is not confirmed in our investigation, and we believe that a crossover from the spin-spiral state to the spin-polarized state takes place instead.
The critical behavior is determined by those lowenergy states near the critical mode (k ∼ k c ). As h approaches h c , the gap vanishes as ∆ ∼ (h − h c ) ν h z , where ν h and z are the correlation length and dynamic exponents, respectively. The gap near criticality is
and one finds the critical exponent ν h z = 1. Since the size dependence of the gap, ∆ ∼ L −z , defines the dynamic exponent z, we expand the gap around the critical line h c from threshold critical mode k c , i.e., at |k − k c | ≪ 1,
The dynamic critical exponent z relates the scaling of energy (or time) scales to length scales. The relativistic spectra at k c imply a dynamical exponent z = 1 [for θ = π/2 in inset of Fig. 3(a) ] and the Fermi velocity is independent of h and K. The correlation-length exponent ν h = 1 here confirms that 1D GCM belongs to the same universality as the 1D Ising model under the transverse field. For θ = π/2, a finite magnetic field will modify the energy spectra throughF k →F ′ k = 2K cos k − 2h in Eq. (26), as is uncovered in Fig. 7(a) . To this end, F ′ k can be zero when |h/K| ≤ 1, and this causes a closure of the gap at an incommensurate momentum k c = arccos(h/K). Therefore, the system remains gapless as long as |h/K| ≤ 1, as evidenced in Fig. 7(b) . There is no spontaneous symmetry breaking in this spinliquid phase across the quantum critical point (QCP), since the ground-state energy density,
is infinitely differentiable during this transition. The phase transition is a Berezinskii-Kosterlitz-Thouless (BKT) transition. In the spin-liquid phase, one can find the spectra vanish at k c ,
Such quadratic dispersion (32) on k,
We confirm the dispersion of fermions is described by a biquadratic parabola [see inset of Fig. 7(b) ], and the momentum dependence of the charge excitations suggests a large dynamical exponent z = 4. This leads to a higher density of states above the gap D(ε) ∼ ε −3/4 than for the standard 1D van Hove singularity with D(ε) ∼ ε −1/2 (here ε is the energy measured from the band edge). Those low-energy states in the gapless regime near the critical modes determine the critical behavior. Both the low-temperature entropy S and the specific heat C V present a power-law dependence on temperature as T d/z (here the spatial dimension d is 1), which can be readily measured in experiments [59] [60] [61] . Meanwhile, the gap near criticality is
and one finds the critical exponent ν h z = 2. The outcome ν h = 1/2 for the 1D compass model is different from other points [62, 63] obtained from scaling of fidelity susceptibility, which is discussed in Sec. V A. The unusual behavior which takes place due to the multicriticality of such QPTs has been recognized [64] . Such anomalous feature, such as a flat dispersion like k 4 resembles QPTs between the Mott insulator and metal in 2D square lattice by controlling the filling [65] . Such a new universality class may be characterized by an emergent super-symmetry at a multicritical point [66] .
V. QUANTUM INFORMATION THEORETICAL MEASURES
Interdisciplinary studies have harvested rich but rather mixed research findings in the past decades. A blooming topic is the characterization of QPTs in terms of the ideas from the field of quantum information in recent years. Different from traditional descriptions of phase transitions in the theory of condensed matter, the local order parameters, key ingredients of Ginzburg-LandauWilson paradigm, are not necessary in such a formalism. Instead, quantum information approaches tend to capture the nonlocal information and universal properties near criticality despite the great diversity of the nature of miscellaneous phases.
It should be emphasized that the entanglement entropy [67, 68] and the fidelity susceptibility are frequently considered. As a new perspective of the phase transitions and the associated universality, they have proven to be useful measures. In this respect, when a quantum system moves across a QPT separating two fundamentally different ground states by varying external control parameters, physical observables often exhibit singular behavior which is ascribed to the gapless excitation and divergence of correlation length at the QCPs. Frequently this picture can be visualized when there are symmetry breaking states on either side or both sides of a QPT. However, a topological phase transition follows from a change of topological index of the ground state and the topological phase of matter is not related to the spontaneous symmetry breaking. Therefore, a local order parameter has no scope for its ability to sense the topological QPT.
A. Fidelity susceptibility
The fidelity susceptibility is a general probe of phase transition which originates from Anderson's orthogonality catastrophe. By definition, quantum fidelity of a many-body HamiltonianĤ(λ) = H 0 + λH I is [69] 
where |Ψ 0 is the ground state, λ 0 and λ 1 specify two points in the parameter space of driving parameter λ. In this respect, fidelity susceptibility is defined as first nonzero order of the Taylor expansion of the overlap function F (λ, λ + δλ), given by [70, 71] 
The concept of quantum fidelity susceptibility has been recognized as a versatile indicator in identifying QCPs and universality class by the finite-size scaling behavior [72] . Interestingly, a holographic description for the fidelity susceptibility in conformal field theories is a volume of maximal time slice in an anti-de Sitter space-time when the perturbation is exactly marginal [73] . However, the application of the fidelity susceptibility to detect a BKT transition is controversial: On the one hand, some investigations are in favor that the fidelity susceptibility is able to discriminate the critical lines of BKT transitions with a logarithmic divergence [74, 75] , while on the other hand, some disprove it [76, 77] . This shows that indeed an in-depth understanding of the underlying physics is still missing. We add to this discussion and present the fidelity susceptibility for θ = π/3 and θ = π/2 with K = 1; more details of the calculation can be found in Appendix A. The fidelity susceptibility for θ = π/3 detects the secondorder QPTs, seen Fig. 8(a) , while such a transition is absent for θ = π/2 shown in Fig. 8(b) . Our findings suggest that the fidelity susceptibility does not diverge at BKT-type QPTs in one spatial dimension.
B. Coherence susceptibility
In the representation spanned by the two-qubit product states we employ the following basis, (37) where |0 (|1 ) denotes spin up (down) state, the two-site density matrix can be expressed as,
where σ 
is not always valid for a complex Hamiltonian [see the definition of G r in Eq.(B3)]. A number of results have been focused on translation-invariant systems and almost exclusively correspond to reflection-symmetric systems, despite the fact that models violating reflection invariance play a prominent role in many-body theory, e.g., in describing interactions of DM interactions or three-site (XZY−YZX)-type interactions [78] . Therefore, the two-qubit density matrix reduces to an X-state,
with
The density matrix of a single qubit is easily obtained by a partial trace over one of the two qubits,
One easily finds that
A simplified form of relative entropy has been proven as a valid measure of coherence for a given basis:
where S(•) stands for the von Neumann entropy of • and ρ diag is obtained from ρ by removing all its off-diagonal entries. The non-analyticity of the ground state at QCPs can be characterized by the singularity of the coherence susceptibility [79] , which is defined as
Here, ρ stands either for the density operator of the whole system or for the reduced density operator of a subsystem.
It was interesting to note that quantum discord, in contrast to entanglement, is able to signal the BKT-type QPTs [80] [81] [82] . The quantum discord was introduced to quantify non-classical correlations beyond entanglement paradigm in quantum states and thus was given by the difference of the mutual information I(ρ) and the classical correlation J(ρ) [83] ,
Similarly we can define discord susceptibility,
The relative entropy and quantum discord as functions of h at K = 2 are plotted in Fig. 9 . We find that both quantities share similar trends and there are sharp changes across the QPTs. The peaks of their susceptibilities at h = 1 and the step-like behavior at h = 3 indicate the QCPs. We emphasize that quantum correlations for θ = π/2 revealed by the relative entropy and the quantum discord exhibit distinct behavior from the case with θ = π/3, as seen in Fig. 10 . Both quantities show their local maxima close to h = ±K. However, we find that these indictors behave in a more distinct way in the regime of large K. For small K two local maxima affect each other and move the positions of maxima from the true QCPs. In addition, we find that concurrence, another measure of entanglement [84] , and von Neumann entropy display similar behaviors with fidelity susceptibility (not shown).
VI. CONCLUSION
In the paper we analyze quantum phase transitions in a class of the one-dimensional compass models with an (XZX+YZY)-type of three-site interactions. We present the exact solution by means of Jordan-Wigner transformation, and study the fermionic spectra, excitation gap, critical exponents, and established the phase diagram. For general titling angle θ, the three-site (XZX+YZY) interactions renormalize the effect of magnetic field and thus a nontrivial magnetoelectric effect can be expected. In the canted Néel phase (weak-coupling BCS regime in spinless fermions), it exhibits a pair of zero-energy Majorana modes at each end of the open chain, and it is also characterized with a Pfaffian topological invariant ν = −1 with periodic boundary condition. In the compass limit the competition between the three-site (XZX+YZY) interactions and the magnetic field drives the system into a gapless phase through a Berezinskii-Kosterlitz-Thouless transition. The dynamic exponent is a measure for characterizing the coherence of the system and it is found to be z = 4 across the quantum critical points. Thus, coherence is very sensitive to whether the system is at the compass limit, i.e., at the angle θ = π/2 which is more incoherent than the other cases. It has been shown that z can be extracted from the measurement of the low-temperature specific heat and entropy in the Tomonaga-Luttinger-liquid phase.
To complete the analytic approach, we present a study of diverse measures of quantum correlations including fidelity susceptibility, von Neumann entropy, relative entropy, coherence susceptibility, pairwise concurrence and quantum discord in the generalized compass chain with three-site (XZX+YZY) interactions. Analytical expressions are obtained from the spin-spin correlation functions. We show that all these measures can be useful to detect the second-order transition, while only the relative entropy and the quantum discord can signal the Berezinskii-Kosterlitz-Thouless transition. We note that the one-dimensional compass model with (XZX+YZY)-type interactions can provide an ideal benchmark for other computational methods to testify the BerezinskiiKosterlitz-Thouless quantum phase transition. We also point out that deriving the correlation functions for the systems with broken reflection symmetry requires a rather careful and subtle procedure. symmetric matrix. Finite-ranged interaction means that there exists a positive integer l 0 such that A 0,l = B 0,l = 0 if l ≥ l 0 .
Such a spin-chain Hamiltonian is not invariant with respect to the reflection transformation R(σ a i ) = σ a −i (a = x, y, z) when A is not a real matrix. One of the typical quantum spin chains with broken reflection symmetry is the Ising model with transverse magnetic field and Dzyaloshinskii-Moriya interaction (in the z-direction). Extra care should be taken that B matrix is not real in these cases.
Normally, people believe that σ 
is not always valid. In this appendix we will show that this is not correct. Here
We can write 
and we have
Generally speaking, they are claimed to obey the algebra irrespective of detailed eigenspectrum,
However, one may be easily verified that it is not true. Take nearest neighbor sites for example, i.e., |j − i| = 1 and one has
In what follows we concentrate on the correlations between the nearest neighbor spins. By straightforward calculation it is found that the nearest neighbor spin correlation function has the form σ = i B i B i+1 , so element z 1 for the nearest neighbor spins is always a real number and z 2 may be a complex number depending on which phase the system is in.
